Extended Einstein-Maxwell model and its application to the problem of evolution of magnetized Bianchi-I Universe are considered. The evolution of medium magnetization is governed by a relaxation type extended constitutive equation. The series of exact solutions to the extended master equations is obtained and discussed. The anisotropic expansion of the Bianchi-I Universe is shown to become non-monotonic (accelerated/decelerated) in both principal directions (along the magnetic field and orthogonal to it). A specific type of expansion, the so-called evolution with hidden magnetic field, is shown to appear when the magnetization effectively screens the magnetic field and the latter disappears from the equations for gravitational field.
Introduction
Observational cosmology and astrophysics indicate that many subsystems of the Universe, which have different length-scales: planets, stars, galaxies, clusters and superclusters of galaxies, possess inherent magnetic field (see, e.g., the reviews [1, 2, 3] and references therein). The magnetic field interacts with material environment and this results in the magnetization of the latter [4] . According to basic Einstein's ideas, the stress and energy of all three constituents: medium, magnetic field and magnetization, -act as sources of gravity field. It seems to be reasonable from physical point of view, that for majority of astrophysical and cosmological objects the contribution of a material medium, as a source of gravity field, dominates over the contributions of magnetic field and magnetization, nevertheless, the stress and energy of magnetization itself can be comparable with those of pure magnetic field. In other words, when we deal with exactly integrable models, for which the magnetic field is considered as a non-negligible source of gravity field in comparison with the contribution of the material medium, one should also take into account the magnetization as a cross-effect.
Cosmological Bianchi-I model seems to be the most convenient for testing this idea due to its three specific features. First, this model is non-stationary, all three constituents, medium, magnetic field and magnetization, can evolve with different rates, thus displaying their dynamic non-equivalence. Second, the Bianchi-I model belongs to the class of the exactly integrable ones, thus providing the analysis of singular behaviour of the model. Third, the Bianchi-I model is spatially anisotropic and thus admits a self-consistent description of the uniaxial configuration of the dynamic system containing interacting matter, magnetic field and magnetization. There is a number of anisotropic cosmological models, in which magnetic field is accompanied by perfect fluid (see, e.g., [5, 6] and references therein), or by non-equilibrium (viscous) cosmic fluid (see, e.g., [7, 8, 9] ). If in addition to matter and magnetic field the third "player", namely the magnetization, appears in a cosmological dynamics, one can expect that the rate of evolution of the Universe modifies. Our expectations are motivated by the analogy with dissipative phenomena in cosmology, described in the framework of causal (extended) thermodynamics [10] - [24] . In this theory the extended constitutive law for the viscous fluid contains a time parameter, which is known to introduce a specific time scale into expansion rate. Since the evolution of magnetization has usually a character of relaxation, a new time parameter, say relaxation time, τ , also must appear and establish a new time scale. The interplay between τ and expansion rate parameter(s) can introduce a qualitatively new aspects into cosmological dynamics.
In order to formulate a self-consistent Einstein-Maxwell model, taking into account the polarization and magnetization of a non-stationary material medium, two key elements are necessary. The first one is an adequate energy-momentum tensor of the electromagnetically active medium, which forms a source term in the right-hand-side of the Einstein equations. Here we derive explicitly such a tensor using Lagrangian formalism for the stationary non-conducting medium with uniax-ial symmetry in case when magneto-electric cross effects are absent. Expressed in terms of induction tensor and Maxwell tensor, this quantity happens to be a symmetrized Minkowski stress-energy tensor (see, e.g., [25] - [29] for a review, historical details and terminology). When a medium is non-stationary, the required effective stress-energy tensor is assumed to have the same formal structure. Nevertheless, the induction tensor acquires now a new sense: it is a sum of the Maxwell tensor and of a polarization-magnetization tensor, the latter quantity being considered as a new dynamic variable. The second key element of non-stationary model is the extended constitutive equations, which establish relations between polarization-magnetization of a medium and electromagnetic field strength. We use here the simplest extended constitutive equations of a relaxation type, which are formulated phenomenologically, based on the well-known analogs from causal (extended) thermodynamics [10] - [24] . The main goal of this paper is an application of the formulated extended Einstein-Maxwell (EEM) model to the description of the magnetization dynamics in the Universe, considering the corresponding master equations in the context of Bianchi-I anisotropic cosmological model.
The paper is organized as follows. In Section 2 we briefly discuss the principal details of the EEM-model. Particularly, we introduce the effective stress-energy tensor describing the electromagnetic field and the polarization -magnetization in a medium, as well as we introduce the constitutive equations of a relaxation type. In Section 3 we adopt the EEM model for the symmetry related to Bianchi-I cosmological model and discuss the reduced Maxwell, Einstein and constitutive equations. In Section 4 we consider exact solutions of the dynamic equation for the magnetization with variable relaxation time parameter, discuss general properties of these solutions and some interesting particular cases. In Section 5 we obtain exact solutions of the Einstein equations for the case of variable relaxation time parameter. We distinguish two principal submodels in this context. The first submodel describes a paramagnetic/diamagnetic dust (Subsection 5.1) and contains three exactly integrable particular cases. The second submodel describes the so-called longitudinal quasi-vacuum (Subsection 5.2) and also contains three exactly integrable particular cases. In Section 6 we obtain exact solutions of the EEM-model for the case of constant relaxation parameter. In Subsection 6.1 we establish a law of the magnetization evolution. In Subsections 6.2 we consider the model with hidden induction. In Subsection 6.3 three particular cases of exact solutions of the EEM model, describing the submodel with vanishing total longitudinal pressure, are discussed. In Subsection 6.4 the example of cosmological dynamics with non-homogeneous non-linear equation of state of the magnetized matter is studied. Discussions form Section 7. Appendix contains the description of the procedure of variation of the tetrad four-vectors, which is used in Section 2.
2 Extended Einstein-Maxwell model
Stationary media with uniaxial spatial symmetry
Let us consider a preliminary model with the following action functional
as a hint for construction of the extended Einstein-Maxwell model. Here R is the Ricci tensor, g is the determinant of g ik , Λ is cosmological constant, κ = 8πG, G is the gravitational constant. The quantity F mn is the Maxwell tensor,
is the pure medium contribution to the Lagrangian, we assume that this scalar does not depend on F mn . The quantity C ikmn is the linear response tensor, which describes the influence of matter on the electromagnetic field. This tensor is assumed to possess the following symmetries
and is a function of the metric g mn , time-like velocity four-vector of the medium as a whole, U k , and some space-like vector X k , pointing the privilege direction in the medium. These four-vectors are orthogonal and normalized by unity, i.e.,
When C ikmn contains the Riemann tensor, the Ricci tensor and the Ricci scalar, we deal with non-minimal Einstein -Maxwell theory [30, 31] . When C ikmn includes the covariant derivative of the velocity four-vector ∇ i U k , the corresponding model describes dynamo-optical effects [32] . It is worth stressing that here we restrict ourselves by the case when
The procedure of phenomenological reconstruction of the material tensor C ikmn is well-known [4, 33] . In order to obtain C ikmn as a function of g mn , U k and X k for the medium with uniaxial symmetry one uses, first, the standard decomposition
where dielectric permittivity tensor, ε lp , magnetic impermeability tensor, (µ −1 ) lp , and magneto-electric tensor ν lp are used, defined as
The quantity δ ik pq is the Kronecker tensor, ǫ ikjs is the Levi-Civita tensor 
Here the scalar quantities ε ⊥ and ε || are transversal and longitudinal coefficients of dielectric permittivity, respectively, scalars µ ⊥ and µ || represent coefficients of transversal and longitudinal magnetic permeability, respectively,
is a projector. Finally, (4) can be rewritten as
When ε ⊥ = ε || = ε and µ ⊥ = µ || = µ, the obtained tensor of material coefficients C ikmn covers the well-known isotropic one (see, e.g., [4, 33] ).
Maxwell equations
Variation of the action functional (1) with respect to the four-vector of electromagnetic potential A i gives the Maxwell equations with vanishing current of free charges
In this case the induction tensor, H ik , is equal to the expression in the parentheses.
Equations for gravity field
Variation of the action functional (1) with respect to metric g ik yields
The symmetric stress -energy tensor of the material medium T ik (matter) , defined as
can be written in the standard form
where W is an energy density scalar of the matter, q i is a heat-flux four-vector, P is the Pascal pressure and Π ik is an anisotropic pressure tensor. The effective stress-energy tensor has the form
it can be calculated directly for the medium with uniaxial symmetry using the decomposition (8) and the following formulas for the variations δU l and δX s :
The grounds of the formulas (14) are presented in the Appendix. The variation procedure yields
i.e., the effective stress-energy tensor is explicitly symmetric and traceless.
Resume
When the non-conducting medium with uni-axial symmetry is the stationary one, the Einstein-Maxwell model consists of three ingredients:
(ii) constitutive equations
(iii) gravity field equations
It is the exact result, which follows from the variation procedure. The electromagnetic part of the total stress-energy tensor in the presented form coincides with the symmetrized Minkowski electromagnetic energy-momentum tensor (see, e.g., the review [29] ). It is manifestly symmetric, traceless and does not depend explicitly on the choice of U i .
Extended Einstein-Maxwell model
When the medium is non-stationary, the Einstein-Maxwell model should be modified accordingly, the stationary equations (16)- (18) can be used as a hint. Our ansatz for such extension is the following: we consider the electrodynamic equations in the same form (16) , but express the induction tensor in terms of polarizationmagnetization tensor M ik ; instead of stationary constitutive equations (17) we introduce extended constitutive equation of a relaxation type for the tensor of polarization-magnetization; the gravity field equations have the same form (18) , but H ik is replaced by F ik + M ik , i.e, the basic set of master equations for the Extended Einstein-Maxwell model is
Here τ is a relaxation time and D ≡ U k ∇ k is a convective derivative, χ ikmn is a linear susceptibility tensor, which can be expressed in terms of C ikmn as
The quantity M ik is considered in this context as a new variable. Such extension of the constitutive equations can be regarded as phenomenologically motivated, when the well-known analogs from rheology and extended thermodynamics [10] - [24] are taken into account. Thus, the novelty of the presented model is connected, first, with the extended constitutive equation (20), second, with the modified electromagnetic source in the gravity field equations (see the last line in (21)).
Bianchi-I Universe
Consider the rotationally isotropic Bianchi-I cosmological model [5, 6] with the line element
We suppose that the velocity four-vector of a matter, U k , has the form U k = δ k t and the space-like vector X i is X i = δ i 3 /c(t). They satisfy the relations DU i = 0 and DX i = 0. The symmetry of the model prescribes the non-diagonal components of the total stress-energy tensor to vanish. In this sense to make the model selfconsistent one can consider, for instance, the case when the magnetic field fourvector and the magnetization four-vector are parallel to the x 3 axis. For such a configuration of the electromagnetic field the total stress-energy tensor, T ik (total) , has four non-vanishing components:
Here P (tr) ≡ P (1) = P (2) and P || ≡ P (3) are the transversal and longitudinal pressure components, respectively, coinciding with the corresponding eigenvalues of the material part of the total stress-energy tensor.
Reduced Maxwell equations
We assume that the solutions inherit the spacetime symmetry and the quantities F ik and M ik are the function of cosmological time only. Thus, it follows from the second subsystem of Maxwell equations (16) that the spatial components of the Maxwell tensor are constant, i.e., F αβ = const. The only non-vanishing term is F 12 = const, since the magnetic field points along the x 3 axis. Note that the tetrad component of the magnetic field, B(t), is connected with the constant F 12 by the following relationship
We assume, that the electric field, electric polarization and magneto-electric crosseffect are absent and the medium is locally neutral. These requirements guarantee that the Maxwell equations are satisfied identically. Thus, in the model under consideration the evolution of the magnetization is governed only by the constitutive equation (20) .
Reduced constitutive equations
The magnetization four-vector has only one component:
Extended constitutive equations (20) reduce to one equation of the relaxation type
where the dot denotes derivative with respect to time.
Reduced Einstein's equations
The gravity field equations reduce to the following system ȧ a
Differentiation of Einstein's equations leads to the conservation laẇ
Note that X and its derivative enter the conservation law with the multiplier, which does not depend on c(t) (on a(t) only). The function X (t) is now
When the magnetization M vanishes, the quantity X (t) is non-negative. Nevertheless, when M is non-vanishing, X (t) can be negative during some time interval, or be equal to zero. The total energy density W = W + X is assumed to remain positive.
Magnetic relaxation with variable time parameter τ (t)
The relaxation equation (27) and the quantity X (t), the source of the gravitational field (32) , contain the function a(t) and do not contain c(t). This means that it is reasonable to split the master equations into two subsystems, dealing with the longitudinal (P || , B(t), M(t)) and transversal (P (tr) ) quantities, as well as, with functions c(t) and a(t), describing the evolution of the Universe in the longitudinal and transverse directions, respectively. Notice that the sign of the right-hand-side of the equation (27) depends on the sign of the expression (1/µ || −1). According to the standard definitions, when µ || > 1 we deal with the so-called paramagnetic medium; in this case the expression in the parentheses in (27) is negative. When 0 < µ || < 1, the medium can be indicated as diamagnetic, this case relates to the positive expression in the parentheses in (27) . Finally, when µ || >> 1, one can say that the medium is in a ferromagnetic phase. We do not consider the cases with negative and vanishing µ || . In principle, µ || can be treated as a function of time. This means that the sign of the expression (1/µ || − 1) may change with time. This problem itself is very interesting, but the numerical calculations are needed to solve the corresponding master equations. We focus here on the analytical solutions, and do not consider the case of variable µ || .
Generally, the master equations of the EEM-model are self-consistent. In order to find M(t) from (27) we have to know a(t). In order to find a(t) from (30) we should know X (t) which includes M(t). To solve such a problem one should introduce some extra ansatz. We prefer to start from the equation (27) , and our ansatz concerns the function τ (t). There are at least three ways to introduce the relaxation time parameter τ (t). The first approach (which is the simplest one) assumes that τ is constant. We consider the model with τ (t) = τ 0 in Section 6. In the second approach the relaxation time τ (t), the bulk viscosity coefficient ζ(t), etc., are modeled as a power-law functions of the energy density scalar W (see, e.g., [17] - [21] ). We do not consider such options in this paper. In the third approach τ (t) is assumed proportional to the inverse rate of expansion. For instance, in the isotropic Friedmann model (a(t) = c(t)) the new dimensionless variable ξ = τ H(t) is frequently used, where H(t) =ȧ/a is the Hubble expansion parameter (see, e.g., [34] ). In this section we consider the third version of the representation of τ (t).
Since only the function a(t) enters the relaxation equation and the function X (t), we consider τ (t) = ξ and a function H (a) (x) =ẋ x , for whichȧ
The three-parameter family of solutions to (27) reads
Here 2ξ = 1, the special case ξ = 1 2 will be considered in Subsection 4.2. The corresponding expression for X x, ξ, M 0 , µ || is
where
are constant. We use for simplicity the definitions M 0 ≡ M(t 0 ) and B 0 ≡ B(t 0 ), and below we omit the parameters ξ, M 0 and µ || in the arguments of M, X and K 1 , K 2 .
4.1 Non-resonant magnetic relaxation:
For such ξ the magnetization decreases when the Universe expands, i.e., M(t → ∞) → 0 when a(t) increases. The relaxation of the initial magnetization M 0 is characterised by the function x −1/ξ . The relaxation of the induced magnetization F 12 (1/µ || −1) is characterised in the limit x → ∞ by the function x −1/ξ , when ξ > .
Extremums and zeros of the function X(t)
The formula (35) shows, that the behaviour of X (x) is monotonic when
In addition, the inequality t * > t 0 is valid for 4ξ |K 1 | > (2ξ + 1) |K 2 |. It is a requirement to the ratio M 0 /B 0 , and we suppose it is valid. The extremum is a minimum with negative value X (t * ), when 1 ξ < 2µ || and a maximum with positive value X (t * ), when 1 ξ > 2µ || , for both paramagnetic and diamagnetic medium. Taking into account the definitions of K 1 and K 2 , (36), one can find the following possibilities for X (t) to have an extremum. When the medium is paramagnetic, i.e., µ || > 1, one obtains three different situations.
This case corresponds to a maximum. The curve X (t) passes its zero-value point, if X (t 0 ) < 0, and tends asymptotically to zero as
This case is analogous to the first one. Likewise, for the diamagnetic medium µ || < 1 one obtains the following situations.
Besides, there exists a time moment, t * * , when the source X vanishes. According to (35) the condition X (t * * ) = 0 can be satisfied, when
but this is possible if the constants K 1 and K 2 have opposite signs. Thus, the existence of zeros of X (t) assumes the same requirements K 1 K 2 < 0, as conditions for the existence of extremums.
Asymptotic case: fast relaxation, ξ → 0
When ξ → 0 the formulas (34) and (35) give
In a paramagnetic medium the ratio M(x) |ξ→0 /B 0 is negative, in a diamagnetic medium it is positive. In both cases X (x) |ξ→0 is positive.
Asymptotic case: slow relaxation, ξ → ∞
When ξ → ∞, one obtains
In these formulas µ || is absent.
Particular case:
Studying the extremums of the function X (t) we have found that the condition 2ξµ || = 1 (or, equivalently, K 1 = 0) gives some threshold value for the parameter ξ. Let us consider this particular case separately. When 2ξµ || = 1
and the function X (t) monotonically tends to zero as x → ∞ X (x) |ξ=
remaining positive or negative depending on the sign of its initial value X 0 . Obviously, the value X (x) |ξ=
is positive or negative depending on the sign of the sum M 0 + B 0 , and is equal to zero identically when M(t 0 ) = −B(t 0 ). In the last case the information about magnetic field and magnetization does not enter the Einstein field equations and we deal with the so-called "hidden" magnetic field [31] . Notice that in the ferromagnetic phase µ || >> 1, which corresponds here to the model of fast relaxation ξ << 1, the source X (t) disappears very quickly. This particular case can be studied in more detail. The minimum of the function X (t) exists at the point given by
.
Since we put M 0 = 0, we should check especially the condition a(t * ) > a(t 0 ). When the medium is paramagnetic, this condition is satisfied for ξ > . This corresponds to the first case of the classification of the extremums: the function X (t) starts from the positive initial value X 0 , takes its zero value at t * * , reaches its minimum at t * and tends to zero asymptotically, remaining negative. Here
The inequalities for the diamagnetic medium can be obtained analogously.
Resonance magnetic relaxation
, the special solution to (27) exists
which tends to zero at t → ∞ (x → ∞). The term "resonance" relates to special case when the relaxation parameter τ (t) coincides with half of the characteristic expansion time 1/H (a) , where
The function X (x) |ξ= 1 2 reaches its extremum value
In a paramagnetic medium this extremum is the minimum, the condition a(t * ) > a(t 0 ) assumes that M 0 /B 0 > (1 − 3µ || )/2µ || . When the medium is diamagnetic, the extremum is the maximum, the condition a(t * ) > a(t 0 ) is satisfied if M 0 /B 0 < (1 − 3µ || )/2µ || .
4.3
Magnetic instability: ξ < 0 and M 0 =
In this case the magnetization
increases as x 1/|ξ| . In the special case M 0 =
the term x 1 |ξ| disappears, and the magnetization decreases as x −2 . The function
decreases when 
= 2 it tends asymptotically to the constant value
5 Cosmological evolution in case of variable relaxation time
Below we discuss exactly solvable models of four selected types, describing cosmological evolution of the magnetizable medium. In order to explain our choice let us note that when X depends on time via a(t) only, the equation (30) does not contain the information about c(t), if P || also depends on a only, i.e., P || = P || (a(t)). The vacuum-type equation of state W + P || = 0 belongs to this class of models, since c(t) disappears from conservation law (31) , and its solution of the form W (a) = −P || (a) pics out (30) from other Einstein's field equations.
First example of cosmological evolution: paramagnetic / diamagnetic dust
When the medium behaves as a dust, i.e., P || = P (tr) = 0, the optimal way to solve the master equations is the following. First, we solve (30) , which in terms of variable x takes the form of the equation for H 2 (a) (x)
Second, we search for the function a(t) using the quadratures
When a(t) is found, it is convenient to search for c(t) using the substitution
. The equation governing the evolution of Y (t) follows from (29) and (30)
and is a linear differential equation of the second order with coefficient depending on time. The initial data for Y (t) follow from the definition and from the equation (28)
Finally, we search for W (t) using (28) with obtained a(t), c(t),ȧ andċ. In the process of integration of the equation (53) a new resonance value of the parameter ξ, namely ξ = 1, appears. Indeed, when ξ = 1, the solution is
When ξ = 1, i.e., the relaxation time parameter τ (t) coincides with H −1 a , we should replace (57) by
General properties of solution H (a) (t)

Asymptotics
The quantity H (a) plays a role of Hubble function, describing the Universe evolution in the plane x 1 Ox 2 . When Λ = 0 and t}. When Λ = 0, the asymptotic formula for H (a) is predetermined by the value of the parameter ξ:
, and a(t) ∝ t 
When 1 ξ < −2 the last term in the expression for H (a) (57) is the leading order term at t → ∞, and the Universe collapses in the cross-section x 1 Ox 2 . It is an exotic case, and we do not focus on it.
Extremums
Generally, the behaviour of the H (a) (x) function is non-monotonic, i.e., there are intervals withḢ (a) (t) < 0 as well as withḢ (a) (t) > 0. The necessary condition for the existence of extremums marks the points x (1) , x (2) , ...x (s) , in which
Formally speaking, this equation can give (m) real roots, the function H (a) can possess (m) extremums, and, consequently, (m) points can appear, in which the transition from the accelerated expansion to the decelerated one (and vice-versa) takes place. To illustrate these possibilities, consider now several particular cases.
K
Let us choose the initial values H (a) (t 0 ), M 0 , F 12 , a(t 0 ), as well as, ξ and µ || parameters in an appropriate manner to provide the relations K 1 = 0 and K 3 = 0. It is possible when
For this case X (x) is the monotonic function
and H (a) (x) simplifies essentially
Here
to avoid the relation ξ = 1. For such H (a) (x) the equation (54) can be easily integrated
(66) H (a) (t) takes an explicit form
The asymptotic behaviour of this solution is given by
Returning to the function c(t), note that the equation (55) with a(t), given by (66), is the Hill equation [35] with imaginary argument. Since X (t → ∞) → 0, the appropriate asymptotics of Y (t) and c(t) are
thus, the Universe isotropizes. To specify c(t) consider three special examples.
First special example:
, X = 0, M 0 + B 0 = 0 and the behaviour of a(t) is governed by the de Sitter expansion law
The solution for c(t) is
(72) The asymptotic behaviour of c(t) at t → ∞ is the same as for a(t). This solution corresponds to the model of hidden induction, mentioned in the subsubsection 4.1.4. The energy density scalar behaves as
Second special example:
When H a (t 0 ) ≡ 0, one obtains the simplified formulas
The equation for Y can be transformed into the Legendre equation
Thus, one obtains
where P λ ν (z) and Q λ ν (z) are the associated Legendre functions of the first and second kinds, respectively (see, [36] , 8.1.1). C 1 and C 2 are the constants of integration
is the Wronsky determinant at z = 0 (t = t 0 ), Γ(q) is Gamma-function,
and
Third special example: Λ = 0 The solution of the problem is
The equation (55) reduces to the Euler equation
and c(t) reads
This solution may not appear in the model without magnetization, since the necessary condition 2H 2 (a) (t 0 )(2µ || − 1) + κB 0 (M 0 + B 0 ) = 0 is not valid when M 0 = 0 and µ || = 1. Note that the asymptotics for a(t) and c(t),
coincide only in the critical regime µ || → 1 2 or in other words, when ξ → 1. Thus, when Λ = 0 the Universe does not isotropize for arbitrary µ || = 1 2 .
Second example of cosmological evolution: longitudinal quasi-vacuum
When W + P || = 0, the right-hand sides of (28) and of (30) coincide, and their left-hand-sides giveċ cȧ a =ä a .
One should distinguish two cases: first, whenȧ(t) = 0 and H (a) (t 0 ) = 0, second, whenȧ = 0.
The Einstein equations, supplemented by the equations of state P || = −W and P tr = (γ − 1)W , formally admit the solution a(t) = a(t 0 ), if, first, the quantities P || , P tr , W and X are constant and are linked by the relation Λ + κ(W + X )) = 0, second, the equation for c(t) has the form
When Q > 0, c(t) oscillates harmonically with the frequency √ Q, and this model is singular. When Q < 0, c(t) behaves exponentially. At Q = 0 c(t) is a linear function of time and this model can be effectively reduced to the Minkowski spacetime.
5.2.2ȧ
In this case the consequence (89) gives c(t) readily in terms of a(t) and H (a) (t)
Asymptotic behaviour of c(t) at t → ∞ is the same as for a(t) (i.e., the Universe isotropizes), when H (a) (t) → const. The optimal strategy to obtain the solution is now the following. First, we find W from the conservation law (31) transformed into
Second, we solve the equation for H 2 a (x)
which is the direct consequence of the equation (30) . Third, we consider the solution of (54) for a(t), and then return to the solution (91) for c(t). When 2(γ − 1)ξ = 1, the solution of (92) is
When 2(γ − 1)ξ = 1, W (x) behaves according to the formula
In the first case, when 2(γ − 1)ξ = 1, the solution of (93) takes the form
,
Analogously to the case of paramagnetic / diamagnetic dust, we attract attention to the fact that generally H (a) (x) is not a monotonic function and has several extremums. This means that in the expansion of the Universe there are time intervals characterized by acceleration and deceleration. Asymptotic behaviour of this function is predetermined by the parameters Λ, γ and ξ. The novelty in comparison with the previous analysis is that a new parameter γ is involved. To obtain a(t) we have to solve the equation (54) with H (a) (x) given by (96). To illustrate our conclusions let us consider two particular cases.
Slow relaxation
When ξ → ∞ one obtains a model in which relaxation time for the magnetization is much larger than the characteristic time of the Universe evolution. Consider for simplicity L 1 = 0 and L 3 = 0. It is possible if
With such a choice of the initial parameters we have
Here the definition x
is used, and the assumptions γ < 2 and B 2 0 > W 0 (2−γ) are made. At the point x=x * the function H (a) (x) reaches its maximum with
and tends to the value
asymptotically at t → ∞. Integration of (54) yields
Thus, such a model gives a(t), H (a) (t) and c(t) in terms of elementary (hyperbolic) functions and is convenient for qualitative analysis.
Transversal stiff matter, γ = 2
When γ = 2, P (tr) = W , i.e., the matter behaves as a stiff one. It follows from (92) that
and (30) yields
This means that the parameter ξ becomes hidden if we consider the functions H (a) (t), a(t) and c(t). Nevertheless, it appears when we calculate W (x):
To illustrate the problem arising in a particular case H (a) (t 0 ) = 0 mentioned in the beginning of Subsection 5.2, consider now the solution (104) with a special choice of initial data: H (a) (t 0 ) = 0 and κ(W 0 + X 0 ) = Λ 3
. Then one obtains
and c(t) = const cosh
The model is self-consistent, if c(t 0 ) = 0. The const can be chosen from the isotropization condition a(t → ∞) = c(t → ∞), i.e., const = a(t 0 ).
6 Constant relaxation parameter
Evolution of magnetization
When τ takes a constant value, τ 0 , we can readily solve (27) in quadratures to get
(108) To obtain some analytical results consider the evolution equations with a(t) = a(t 0 )e H 0 (t−t 0 ) , where H 0 is a constant. Such a two-dimensional de Sitter-type expansion is possible, e.g., when
In this case the total longitudinal pressure, P || ≡ P || (t) − X (t), vanishes. When 2H 0 τ 0 = 1 the formula (108) for the magnetization and formula (32) for the X (t) read
respectively. The asymptotic behaviour of X (t) is dominated by the exponential function exp [−4H 0 (t − t 0 )] when
e., the double relaxation time is less than the characteristic rate of expansion 1/H 0 ), and by another exponent exp
Note that a special case with X (t) ≡ 0 exists for
The magnetization M(t) for such a case decreases exponentially
In the resonance case, when 1 τ 0 = 2H 0 , the formulas (108) and (32) give
Similarly to the case of time dependent relaxation parameter, the function X (t) can be monotonic or non-monotonic, depending on the value of the parameters M(t 0 ), H 0 , τ 0 . To illustrate this fact consider the resonance case
If the following inequality takes place:
the function X (t) decreases, passes through its zero value, reaches a minimum at the point
with
and then increases and tends to zero asymptotically. For the diamagnetic medium we have to change the signs of inequality in (116) and in (118), i.e., the function X (t) reaches the maximum.
Third example of cosmological evolution: hidden induction
Consider the special case when X (t) = 0 despite the magnetic field is non-vanishing (see, also subsubsection 4.1.4). Assuming that P || (t) = 0, we guarantee that the first equation in (109) is identically satisfied. Likewise, assume that P (tr) = (γ − 1)W . Then, Einstein's field equations (28)-(30) effectively reduce to the pair of equationṡ
The solution to the second equation is
thus,
When t → ∞ one has the asymptotic relationship
This means that the Universe isotropizes.
Fourth example of cosmological evolution
demonstrates the fast quasi-harmonic oscillations of c(t) with the standard exponential damping. Note that M(t) vanishes when M(t 0 ) = 0 and µ || = 1. This case can also be described by the formulas (134), (135) and (136) with
and τ 0 = 1 2H 0 . The energy density W as a solution of (28) inherits the dependence on time via the Bessel functions, we do not reproduce this expression here.
Third special case
When 2H 0 µ || τ 0 = 1, the term X (t) reads
In this case the solution of the equation (123) can also be represented in terms of Bessel functions
Note that in the ferromagnetic phase µ || >> 1 the argument of Bessel function in (141) tends to zero much faster than in case (134), i.e., the isotropization in the ferromagnetic phase takes place faster.
Fifth example of cosmological dynamics: non-homogeneous and non-linear equation of state
Consider now the special type of equation of state
Numerous non-homogeneous and non-linear equations of state of such kind are under discussion (see, e.g., [37, 38] ). As before, we assume that Λ = 3H 
whose solution reads W (t) = −X (t) +L 1 e −H 0 (2γ+1)(t−t 0 ) +L 2 e −4H 0 (t−t 0 ) +L 3 e −(2H 0 + Here the constantsL 1 ,L 2 andL 3 are given bỹ look similar. (ζ is a bulk viscosity coefficient). In both cases the rate of evolution of the scale factor a(t) predetermines the relaxation properties of M(t) or σ(t). In both cases the function M(t) or σ(t), appears in the right-hand-side of the Einstein equations as an element of the source term. In both models new degrees of freedom, activated in matter by the cosmological evolution, change the rate of expansion. In order to check this claim one can simply compare the results obtained for M(t) = 0 and M(t) = 0. As an example, let us compare the expressions (94), (96), (97) and (91) with those at M 0 = 0, µ || = 1, ξ = 0 (i.e., at K 2 = 0). The difference is that the magnetization adds a principally new second term in (94), describing the evolution of the energy density scalar, as well as the new last term in (96), describing the rate of expansion in the cross-section x 1 Ox 2 . Taking into account the formula (91), one can see that the modifications in H (a) (t) lead to the changes in the rate of evolution in the direction x 3 . Moreover, the presence of the new terms x −2− 1 ξ , allows us to choose the phenomenological parameter ξ so that this term becomes of the leading order at x → ∞ in comparison with the terms x −3 , x −4 and x −2γ in the formula (96). In such a case just the magnetization predetermines the rate of cosmological evolution at t → ∞, and the relaxation time τ (t) = ξH a (t) introduces a new expansion time scale.
In both theories the relaxation time τ is considered to be a function of cosmological time t and is a subject of modeling. In the extended irreversible thermodynamics the relaxation time is considered as τ = ζ W
, where ζ = αW q (in our definition of the energy density scalar) (see, e.g., [17] - [21] ). When the function W (t) is obtained from the cosmological dynamics, the function τ (W (t)) becomes an alternative representation of the function τ (H(t)).
The main difference of the results is connected with the fact that the Bianchi-I model is anisotropic, and M(t) is in fact a projection of the magnetization on the direction pointed by the magnetic field. In the isotropic Friedmann model σ is a scalar describing the isotropic bulk viscous pressure. As a consequence, H(t) in the Friedmann model is positive and the right-hand-side of the relaxation equation for σ is always negative. The sign of the right-hand-side of the relaxation equation for M(t) depends on the sign of B 0 , as well as on the sign of the difference (µ || − 1). Respectively, the obtained magnetization may be positive or negative depending on the (random) initial value M 0 , relaxation time and magnetic permeability. This option allows to consider a principally new situation, when magnetic field and magnetization are non-vanishing, nevertheless, the total magnetic source term X = 
Monotonic and non-monotonic expansion
Classical models with pure magnetic field are characterized by the non-negative source term X = 1 2
B
2 ≥ 0, which decreases monotonically as a −4 . The magnetization changes the situation: X may be positive, negative or equal to zero. Generally, X (t) is not monotonic function any longer, it may possess one, two or more extremums. As a consequence of this behaviour, the function H (a) (t) is not monotonic, thus, in the evolution of the Universe in the cross-section x 1 Ox 2 there are periods of (transversal) acceleration and deceleration. The simplest behaviour H (a) (t) is characterized by the presence of one minimum or maximum, and by the asymptotic de Sitter regime H a (t) →
